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Abstract. We study the local symplectic algebra of curves. We use the 
method of algebraic restrictions to classify symplectic T7 singularities. We 
define discrete symplectic invariants - the Lagrangian tangency orders and 
compare them with the index of isotropy. We use these invariants to dis- 
tinguish symplectic singularities of classical T7 singularity. We also give the 
geometric description of symplectic classes of the singularity. 

1. Introduction 

In this paper we study the symplectic classification of singular curves under the 
following equivalence: 

Definition 1.1. Let Ni,N 2 be germs of subsets of symplectic space (R 2 ",u;). 
Ni , N2 are symplectically equivalent if there exists a symplectomorphism-germ 
$ : (R 2 ",u;) -)■ (R 2 ",w) such that $(iVi) = N 2 . 

We recall that w is a symplectic form if ui is a smooth nondegenerate closed 
2-form, and $ : R 2ra — > R 2n is a symplectomorphism if $ is diffeomorphism and 
$*w = u. 

Symplectic classification of curves was first studied by V. I. Arnold. In |A2j V. I. 
Arnold discovered new symplectic invariants of singular curves. He proved that the 
A-zk singularity of a planar curve (the orbit with respect to standard „4-equivalence 
of parameterized curves) split into exactly 2k + 1 symplectic singularities (orbits 
with respect to symplectic equivalence of parameterized curves). He distinguished 
different symplectic singularities by different orders of tangency of the parameter- 
ized curve to the nearest smooth Lagrangian submanifold. Arnold posed a problem 
of expressing these invariants in terms of the local algebra's interaction with the 
symplectic structure and he proposed to call this interaction the local symplectic 
algebra. 

In |IJlj G. Ishikawa and S. Janeczko classified symplectic singularities of curves 
in the 2-dimensional symplectic space. All simple curves in this classification are 
quasi- homogeneous. 

We recall that a subset N of R™ is quasi- homogeneous if there exists a coordi- 
nate system (xi, • • • , x m ) on R m and positive numbers w\, - ■ ■ , w m (called weights) 
such that for any point (yi, • • • , y m ) £ R m and any t € R if (yi, • • • , y m ) belongs 
to N then a point (t Wl yi, ■ ■ ■ ,t Wm y m ) belongs to N. 
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A symplectic form on a 2-dimensional manifold is a special case of a volume form 
on a smooth manifold. The generalization of results in [IJ1] to volume-preserving 
classification of singular varieties and maps in arbitrary dimensions was obtained 
in |DR| . The orbit of action of all diffeomorphism-germs agrees with volume- 
preserving orbit or splits into two volume-preserving orbits (in the case K = M.) 
for germs which satisfy a special weak form of quasi-homogeneity e.g. the weak 
quasi-homogeneity of varieties is a quasi-homogeneity with non-negative weights 
Wi > and Wi > 0. 

Symplectic singularity is stably simple if it is simple and remains simple if the 
ambient symplectic space is symplectically embedded (i.e. as a symplectic subman- 
ifold) into a larger symplectic space. In [K] P. A. Kolgushkin classified the stably 
simple symplectic singularities of parameterized curves (in the C-analytic category) . 
All stably simple symplectic singularities of curves are quasi-homogeneous too. 

In [DJZ2J new symplectic invariants of singular quasi-homogeneous subsets of a 
symplectic space were explained by the algebraic restrictions of the symplectic form 
to these subsets. 

The algebraic restriction is an equivalence class of the following relation on the 
space of differential fc-forms: 

Differential /c-forms u>i and UJ2 have the same algebraic restriction to a subset 
N if u>\ — u)2 = oi + dp, where a is a fc-form vanishing on N and /3 is a (fc — l)-form 
vanishing on N. 

In [DJZ2] the generalization of Darboux-Givental theorem ([AG]) to germs of 
arbitrary subsets of the symplectic space was obtained. This result reduces the 
problem of symplectic classification of germs of quasi-homogeneous subsets to the 
problem of classification of algebraic restrictions of symplectic forms to these sub- 
sets. For non-quasi-homogeneous subsets there is one more cohomological invariant 
except the algebraic restriction ( |DJZ2j . [DJZlj ). The dimension of the space of 
algebraic restrictions of closed 2-forms to a 1-dimensional quasi-homogeneous iso- 
lated complete intersection singularity C is equal to the multiplicity of C ( |DJZ2| ). 
In [D] it was proved that the space of algebraic restrictions of closed 2-forms to a 1- 
dimensional (singular) analytic variety is finite-dimensional. In [DJZ2] the method 
of algebraic restrictions was applied to various classification problems in a symplec- 
tic space. In particular the complete symplectic classification of classical A — D — E 
singularities of planar curves and S5 singularity were obtained. Most of different 
symplectic singularity classes were distinguished by new discrete symplectic invari- 
ants: the index of isotropy and the symplectic multiplicity. 

In this paper following ideas from |A2] and [D] we use new discrete symplectic 
invariants - the Lagrangian tangency orders (section 12. 1|) . Although this invariant 
has definition similar to the index of isotropy its nature is different. Since the 
Lagrangian tangency order takes into account the weights of quasi-homogeneity 
of curves it allows us to distinguish more symplectic classes in many cases. For 
example using the Lagrangian tangency order we are able to distinguish classes Eg 
and Eq' of classical planar singularity E$ which can not be distinguished nor by 
the isotropy index nor by the symplectic multiplicity. In the paper we also present 
other examples of singularities which can be distinguished only by the Lagrangian 
tangency order. On the other hand, there are singularities which symplectic classes 
can be distinguished by the index of isotropy but not by the Lagrangian tangency 
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order, for example the parametric curve with semigroup (3, 7, 11) and Ts singularity. 
These examples show that there are no simple relations between the Lagrangian 
tangency order and the index of isotropy even for the case of parametric curves. 

We also obtain the complete symplectic classification of the classical isolated 
complete intersection singularity Tf using the method of algebraic restrictions (The- 
orem l3.1]) . We calculate discrete symplectic invariants for this classification (Theo- 
rems 13 . 3[) and we present geometric descriptions of its symplectic orbits (Theorem 

The paper is organized as follows. In Section [2] we present known discrete sym- 
plectic invariants and introduce the Lagrangian tangency orders. We also compare 
the Lagrangian tangency order and the index of isotropy. Symplectic classification 
of Tr singularity is studied in Section [3] In Section 2] we recall the method of 
algebraic restrictions and use it to classify T7 symplectic singularities. 

2. Discrete symplectic invariants. 

We define discrete symplectic invariants to distinguish symplectic singularity 
classes. The first one is the symplectic multiplicity ([DJZ2 ) introduced in [IJ1] as 
a symplectic defect of a curve. 

Let TV be a germ of a subset of (R 2 ™, w). 

Definition 2.1. The symplectic multiplicity fi sym pi(N) of TV is the codimension 
of a symplectic orbit of TV in an orbit of TV with respect to the action of the group 
of local diffeomorphisms. 

The second one is the index of isotropy :DJZ2 . 

Definition 2.2. The index of isotropy ind(N) of TV is the maximal order of 
vanishing of the 2-forms uj\tm over all smooth submanifolds M containing TV. 

This invariant has geometrical interpretation. An equivalent definition is as 
follows: the index of isotropy of TV is the maximal order of tangency between non- 
singular submanifolds containing TV and non-singular isotropic submanifolds of the 
same dimension. The index of isotropy is equal to if TV is not contained in any 
non-singular submanifold which is tangent to some isotropic submanifold of the 
same dimension. If TV is contained in a non-singular Lagrangian submanifold then 
the index of isotropy is 00. 

Remark 2.3. If TV consists of invariant components C, we can calculate index 
of isotropy for each component ind(Ci) as the maximal order of vanishing of the 
2-forms oj\tm over all smooth submanifolds M containing C\. 

The symplectic multiplicity and the index of isotropy can be described in terms 
of algebraic restrictions (Propositions 14.61 and 14.71 in Section |4j . 

2.1. Lagrangian tangency order. There is one more discrete symplectic invari- 
ant introduced in [D] following ideas from |A2] which is defined specifically for a 
parameterized curve. This is the maximal tangency order of a curve / : R — > M to 
a smooth Lagrangian submanifold. If Hi = ... = H n = define a smooth subman- 
ifold L in the symplectic space then the tangency order of a curve / : R — > M to L 
is the minimum of the orders of vanishing at of functions Hi o f } ■ ■ ■ , H n o /. We 
denote the tangency order of / to L by t(f, L). 
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Definition 2.4. The Lagrangian tangency order Lt(f) of a curve / is the 

maximum of t(f, L) over all smooth Lagrangian submanifolds L of the symplectic 
space. 

The Lagrangian tangency order of a quasi-homogeneous curve in a symplectic 
space can also be expressed in terms of algebraic restrictions (Proposition 14.81 in 
Sectiong]). 

We can generalize this invariant for curves which may be parameterized analyt- 
ically Lagrangian tangency order is the same for every 'good' analytic parame- 
terization of a curve |Wj . Considering only such parameterizations we can choose 
one and calculate the invariant for it. It is easy to show that this invariant doesn't 
depend on chosen parameterization. 

Proposition 2.5. Let f : R — > M and g : R —> M be good analytic parameteriza- 
tions of the same curve. Then Lt(f) = Lt(g). 

Proof. There exists a diffeomorphism 8 : R — > R such that g(s) = f(6(s)) and 
|o 7^ 0. Let H\ = . . . = H n = define a smooth submanifold L in the symplectic 

space. If d [o = for I — l,.,.,k then 

rf t+1 (g.°g) , _ d k + 1 (H i ofo0) l _ f d8. k+1 , 
ds«+i 10 " ds^ 10 - d^+i |0 'W |o 
so the orders of vanishing at of functions Hi o f and Hi o g are equal and hence 
t(f, L) = t(g, L), which implies that Lt(f) = Lt(g). □ 

We can generalize Lagrangian tangency order for sets containing parametric 
curves. Let N be a subset of a symplectic space (M. 2n ,u). 

Definition 2.6. The tangency order of the germ of a subset N to the 
germ of a submanifold L t[N,L] is equal to the minimum of t(f,L) over all 
parameterized curve-germs / such that Imf C N. 

Definition 2.7. The Lagrangian tangency order of N Lt(N) is equal to the 
maximum of t[N,L] over all smooth Lagrangian submanifold- germs L of the sym- 
plectic space. 

In this paper we consider TV which are singular analytic curves. They may be 
identified with a multi-germ of parametric curves. We define invariants which are 
special cases of the above definition. 

Consider a multi-germ (/i)ie{i,... , r } of analytically parameterized curves For any 
smooth submanifold L in the symplectic space we have r-tuples (t(fi, L), ■ ■ ■ , t(f r , L)) 

Definition 2.8. For any I C {1, • • • , r} we define the tangency order of the 
multi-germ (/,•),•<=/ to L: 

t[(fi)ie i,L] = mmt(fi,L). 

IE I 

Definition 2.9. The Lagrangian tangency order Lt((fi)i e j) of a multi-germ 

(fi)iei is the maximum of £[(/i)ie /, L] over all smooth Lagrangian submanifolds L 
of the symplectic space. 

For multi-germs we can also define relative invariants according to selected 
branches or collections of branches. 



SYMPLECTIC T 7 , T 8 SINGULARITIES 



5 



Definition 2.10. Let S C I C {1, • • • , r}. For i G 5 let us fix numbers < Lt(fi). 
The relative Lagrangian tangency order Lt[(fi)i^i : (S, (ti)jes)] of a multi- 
germ (fi)i£i related to S and (tj)igs is t ne maximum of £[(/i)igj\s, over all 
smooth Lagrangian submanifolds L of the symplectic space for which t(fi,L) = t,-, 
if such submanifolds exist, or — oo if there are no such submanifolds. 

We can also define special relative invariants according to selected branches of 
multi-germ. 

Definition 2.11. For fixed j e / the Lagrangian tangency order related 

to fj of a multi-germ (fi)i^i denoted by Lt[(fi)i^i : fj] is the maximum of 
t[(fi)i£i\ij\, L] over all smooth Lagrangian submanifolds L of the symplectic space 
for which t(fj, L)=Lt(Jj), 

These invariants have geometric interpretations. If Lt(fi) — oo then a branch fa 
is included in a smooth Lagrangian submanifold. If Lt((/j)j e /) = oo then exists a 
Lagrangian submanifold containing all curves fa for i E I. 

We may use these invariants to distinguish symplectic singularities. 

2.2. Comparison of the Lagrangian tangency order and the index of 
isotropy. Definitions of the Lagrangian tangency order and the index of isotropy 
are similar. They show how far a variety N is from the nearest non-singular La- 
grangian submanifold. The index of isotropy of a quasi-homogeneous set N is oo if 
and only if the Lagrangian tangency order of N is oo. Studying classical singulari- 
ties we have found examples of all possible interactions between these invariants. 

• For some singularities the index of isotropy distinguishes the same symplectic 
classes which can be distinguished by the Lagrangian tangency order. It is observed 
for example for planar curves - the classical Ak and Dk singularities (Tables [T] and 
0) and for 5 M singularities studied in |DTj . 

A complete symplectic classification of classical A — D — E singularities of planar 
curves was obtained using a method of algebraic restriction in |DJZ2) . Below we 
compare the Lagrangian tangency order and the index of isotropy for these singular- 
ities. A curve N may be described as a parameterized curve or as a union of param- 
eterized components C, preserved by local diffeomorphisms in the symplectic space 
(R 2 ™, uiq = J27=i dpi A dqi), n > 2. For calculating the Lagrangian tangency orders 
we give their parameterization in the coordinate system (pi, qi,p2i Q2i • • ' ,PntQn)- 

Denote by (Ak) the class of varieties in a fixed symplectic space (M. 2ti ,uj) which 
are diffeomorphic to 

(2.1) A k = {xe R 2 ™- 4 : x k + l -x\ = x> 3 = 0}. 

A curve N € (Ak) can be described as parameterized singular curve C for k - even, 
or as a pair of two smooth parameterized branches B + and B- if k is odd. By 
Lt(N) we denote Lt(C) or Lt(B + , B-) respectively. 
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Normal form 


Parameterization 


Lt(N) 


ind 


A o^<k-i (fc _ even) 


C : (t 2 ,t k+1+2i ,t k+1 ,0,--;0) 


k + l + 2i 


i 


A\ (k - even) 


C : (i 2 ,0,t fc+1 ,0,---,0) 


oo 


oo 


Al^- 1 (A; -odd) 


B ± : (t,±t — +\±t— ,0, •••,()) 




i 


A k k! (k - odd) 


B±: (t,0, ±4^,0, •••,()) 


OO 


oo 



TABLE 1. Comparison of symplectic invariants of A k singularity. 



Denote by (D k ) for k > 4 the class of varieties in a fixed symplectic space (R 2n , uS) 
which arc diffcomorphic to 

(2.2) D k = {x G M 2 "- 4 : x 2 x 2 - x^ 1 = a;>3 = 0}. 

A curve N € (£>&) consists of 2 invariant components: Ci - smooth and Ci - singular 
diffcomorphic to A k ^-$. C% may consists of one or two branches depending on k. 
To distinguish the symplectic classes completely we need two invariants: Lt(N) - 
the Lagrangian tangency order of N and Lt{C-i) - the Lagrangian tangency order 
of the singular component Cq,. Equivalently we can use the index of isotropy of N 
- ind and the index of isotropy of C2 - indi . 



Normal 
form 


fit) 


Lt(N) 


Lt(C 2 ) 


ind 


ind 2 


Dt 


t 2X * 


2Afc 


(k-2)X h 








D\ 


bt kXk + ±i 4Afc 


kX k 


kX k 


1 


1 


d{ 

Ki<fc-3 


bt kx >* + -± T t 2( - i+1)x " , 6/0 


k\ k 


(k-2+2i)X k 


1 


i 


1 t 2(i+l)\ k 
i+1 


(fc-2+2z)A fc 


(k-2+2i)X k 


i 


i 


D k- 3 ,± 


(±l) k t kX « +- j ±^t 2( - k - 2) \ k 


fcA fe 


00 


1 


00 




1 f 2(k-2)X h 


(3fc - 8)A fc 


00 


fc-3 


00 


Dt 1 


1 t 2(k-l)X k 
k — 1 


(3ft - 6)A fc 


00 


k-2 


00 


D k k 





00 


00 


00 


00 



TABLE 2. Symplectic invariants of D k singularity. The branch 
Ci has a form (t, 0, 0, 0, ••• ,0). If k is odd then C2 has a form 
(t k ~ 2 , f(t)i t 2 , 0, ■ ■ ■ ,0) and X k = 1. If k is even then C2 consists of 
two branches: B± : (±t (fc ~ 2)/2 , f(t), t, 0, ■ ■ ■ ,0) and A fc = ±. 



• There are also symplectic singularities distinguished by the Lagrangian tan- 
gency order but not by the index of isotropy. The simplest example is planar 
singularity E§ (Tabled]). Such a "more sensitivity" of the Lagrangian tangency 
order we also observe for £7 and Eg singularities and for parametric curves with 
semigroups (3,4,5), (3,5,7) and (3,7,8) studied in [D]. 

Denote by (Eq) the class of varieties in a fixed symplectic space (M. 2n ,ui) which 
are diffeomorphic to 



(2.3) 



Eq = {x <E M 2 "- 4 :x\-x\ = x>s = 0}. 
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Normal form 


Parameterization 


Lt(N) 


ind 


„symp 




(£ 4 , t 3 , £ 3 , 0, • • • ,0) 


4 










(i 4 , ±^£ 6 + 6t 7 ,t 3 , 0, • • • ,0) 


7 


1 


2 


El 


(tV' + l* 9 ,* 8 ^, •••,()) 


8 


1 


3 


El 




10 


2 


4 


Ei± 


(£ 4 ,±it 10 ,i 3 ,0,-- - ,0) 


11 


2 


4 


El 


(i 4 ,±t 13 ,i 3 ,0,---,0) 


14 


3 


5 


El 


(t 4 ,0,i 3 ,0,-- - ,0) 


oo 


oo 


6 



TABLE 3. Symplectic invariants of Ea singularity. 



As we see in Table[3]we are able to distinguish by the Lagrangian tangency order 
the classes Eq and Eq' which can not be distinguished nor by the index of isotropy 
nor by the symplectic multiplicity. 

• Some symplectic singularities can be distinguished by the index of isotropy but 
not by the Lagrangian tangency order. Such situation we observe for a parametric 
quasi- homogeneous curve-germ with semigroup (3,7, 11) listed as a stably simple 
singularity of curves in [Alj . Another example is Tg singularity presented below 
(Table[S]rows for (T 8 ) 4 and'CTg) 6 ' 2 ). 

The germ of a curve / : (R, 0) — » (R 2 ™, 0) with semigroup (3, 7, 11) is diffeomor- 
phic to the curve t — > (t 3 , t 7 , t 11 , 0, ... ,0). Among symplectic singularities of this 
curve-germ in the symplectic space (R 2n ,uj = J27=i dpi A dqi) with the canonical 
coordinates (pi, q%, . . , ,p n , q n ) we have for example the classes represented by the 
following normal forms: 

Class Normal form of / Lt(f) ind 

(1) t ^ (t 3 ,t io ,t 7 ,o,t n ,o, •■■ ,0) lo r~ 

(2) t (i 3 ,i n ,t 7 ,0,t n ,0, ••• ,0) 11 

(3) t^t (t 3 ,t w +ct 11 ,t 7 ,0,t 11 ,0, ■■■ ,0), c^0 10 



Symplectic classes (1) and (3) have the same Lagrangian tangency order equal 
to 10 but have different indices of isotropy - 1 and respectively. Symplectic 
classes (2) and (3) have the same index of isotropy equal to but have different 
Lagrangian tangency orders - 11 and 10 respectively. We also observe that the 
Lagrangian tangency order for class (1) is less than for class (2) but the inverse 
inequality is satisfied for the indices of isotropy. 

Another example is Tg singularity. Denote by (Tg) the class of varieties in a fixed 
symplectic space (M 2,i ,a;) which are diffeomorphic to 

(2.4) T 8 = {x e R 2 "- 4 : x\ + x\ - x% = x 2 x z = x> 4 = 0}. 

This is the classical 1-dimensional isolated complete intersection singularity Tg 

(0, mm- 

Let N G (Tg). N is quasi-homogeneous with weights w{x\) = Q,w(x<z) — 4, 
w(xs) = 3. A curve N consists of 2 invariant singular components: C\ - diffeomor- 
phic to A2 singularity and C2 - diffeomorphic to ^3 singularity which is a union of 
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two smooth branches B+ and B- . In local coordinates they have the form 
Ci = {x\ + x\ = 0, x 3 = x> 4 = 0}, 

B± = {Xi ± x\ — 0, X2 — X>4 = 0}. 

Using the method of algebraic restrictions one can obtain in the same way as it 
is presented in last two sections for the case of T7 singularity the following complete 
classification of symplectic Tg singularities. 

Theorem 2.12. Any stratified submanifold of the symplectic space (R 2 ",w — 
5Zj=l dpi A dqi) which is diffeomorphic to T 8 is symplectically equivalent to one 
and only one of the normal forms (T g )% i = 0, 1, • • • ,8. The parameters c, c±, c 2 , C3 
of the normal forms are moduli. 

Tg° :pi+P2-qi=0, p 2 qi =0, q 2 = c x q x - c 2 pi p> 3 = q>3 =0, Ci • c 2 ^ 0: 

Tg 2 : P1+P2-I1 = 0,P2?l = 0,q 2 = c\q\ -C2P1 -c 3 pip 2 ,p>3 = q>3 = 0,ci -c 2 = 0; 

T 83 : p? + g? - gf = °> ?i?2 =0, p 2 = c\1\ + c 2 Piq 2 , P>3 = Q>3 = 0, c x ■ c 2 ^ 0; 

Tsl : Pi + qf - q\ = 0, gi<? 2 = 0, p 2 = cigi + c 2 p x q 2 + c 3 piq%, p> 3 = q> 3 = 0, 
ci • c 2 = 0; 

T 8> 3 : vl + Pi - qf = 0, pi«i =0, q 2 = f g? + f , p> 3 = g> 3 = 0, Cl ^ 0; 
T 8 3 ' : p\ +pl - g} = 0,pigi = 0, g 2 = f + f g?,P>3 = ?>3 = 0, (ci, c 2 ) ^ (0, 0); 
Tg 5 ' : p\ +p\ - qf = 0, pift = 0, q 2 = p> 3 = q> 3 = 0; 

Tg 3 ' 1 : p\ +p\ -p\ = 0, p 2 p3 = 0, gi = \p\ + fpj, q 2 = -c x p x p 3 , p> 4 = q> 3 = 0; 

T 8 4 : p\ + p\ - p\ = 0, p 2 p 3 = 0, gi = ^-p 2 . + fp%, q 2 = -pip 3 , p> 4 = q> 3 = 0, 
(01,02)^(0,0); 

Tg 6 - 1 : p\ +p\ - p\ = 0, p 2 p 3 = 0, gi = fp|, g 2 = -pip 3 , p> 4 = <?>3 = 0; 

Tg 5 ' 1 : p\ + p\ - p\ = 0, paps = 0, gi = + p> 4 = g> 2 = 0; 

Tg 6 - 2 : p 2 + p\ - p% = 0, p 2P3 = 0, gi = |p|, p> 4 = g> 2 = 0; 

T 8 7 : p 2 + p\ - p| = 0, p 2 p3 = 0, gi = ipf, p> 4 = g> 2 = 0; 

T 8 8 : pl+pl-pi = 0, p 2 p 3 = 0, q>i=p>i = 0. 

Lagrangian tangency orders and indices of isotropy were used to obtain a de- 
tailed classification of (Tg). A curve N 6 (Tg) may be described as a union of three 
parametrical branches C±, B + , Their parameterization in the coordinate sys- 
tem (pi, qi,p 2 , q 2 , ■ ■ ■ ,p„, q n ) is presented in the second column of Tables 0] and [5] 
To distinguish the classes of this singularity we need the following three invariants: 

• Lt(N) = Lt{C ll B + ,B^) = max(min{t(C 1 ,L),t(B + ,L),t(B_,L)}); 

• Li = Lt(d) = max(i(Ci,£)); 

• L 2 = Lt(C 2 ) = max(min{t(B + ,L),t(B^,L)}) 

where L is a smooth Lagrangian submanifold of the symplectic space. 

Branches B + and _B_ are diffeomorphic and are not preserved by all symmetries 
of Tg so we can not use neither Lt(B + ) nor Lt(BJ) as invariants. Considering the 
triples {Lt, L\,L 2 ) we obtain more detailed classification of symplectic singularities 
of Tg than the classification given in Theorem [2321 Some subclasses appear having 
a natural geometric interpretation. 
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We calculate also index of isotropy of N € (Tg) denoted by ind and the indices 
of isotropy of components C\ and C 2 denoted respectively by indi and ind 2 . In 
Tables 0] and [S] we present the comparison of the invariants. 



Class 


Parameterization 


Conditions 


Li 


£1 


L 2 


ind 


ind\ 


ind 2 


m° 


(i 3 ,0,-t 2 ,-c 2 t 3 ,0, ■■■) 
(±t 2 ,t,0,c 1 tTc 2 t 2 ,0, ■■•) 


ci ■ c 2 ^ 


2 


3 


2 











mi 


(i 3 , 0, -t 2 , -e 2 t 3 + c 3 i 5 , 0, ■ ■ ■ ) 


ci = 0,c 2 7^ 


2 


3 


2 













(±t 2 ,t,0,citTc 2 t 2 ,0, ■■•) 


c 2 = 0, c 3 7^ 


2 


5 


2 





1 









c 2 = C3 = 


2 


00 


2 





00 





mi 


(t 3 ,-i 2 ,-cit 2 ,0, (),•■■) 
(±t 2 ,0,±e 2 t 3 ,t,0, ■■•) 


ci ■ c 2 ^ 


2 


3 


3 








1 


mi 


(t 3 ,-t 2 ,-cit 2 ,0,0, ■■■) 


ci = 0, c 2 7^ 


2 


3 


3 








1 




(±t 2 ,0,±c 2 t 3 ±c 3 t 4 ,t, 0, ■■■) 


c 2 = 0, c 3 7^ 


2 


3 


4 








2 






c 2 = 0, c 3 = 


2 


3 


00 








00 


mu 


(-t 2 ,0,t 3 ,f i 4 ,0,---) 


ci • c 2 7^ 


2 


5 


3 





1 


1 




(0,t,±t 2 ,^t 2 ,0,---) 


ci ^ 0, c 2 = 


2 


00 


3 





00 


1 


m 3 '° 


(-i 2 ,0,t 3 ,-f t 4 0,---) 


ci • c 2 7^ 


2 


5 


4 





1 


2 




(0,t,±t 2 ,ft 3 ,0,---) 


ci 7^ 0, c 2 = 


2 


5 


00 





1 


00 






ci = 0,c 2 ^ 


2 


00 


4 





00 


2 


(T S ) 5 ' 


(-t 2 ,0,t 3 ,0,0, ■••) 
(0,t,±t 2 , ft 4 , (),•■•) 




2 


00 


00 





00 


00 



TABLE 4. Symplectic invariants for symplectic classes of Tg singularity 
when uu\w 7^ 0; W - the tangent space to a non-singular 3-dimensional 
manifold in (R 2n - 4 ,uj) containing N G (T 8 ). 



Remark 2.13. We can notice that considering the pairs {L\,L<2) gives the same 
classification as considering the pairs (indi,ind2). To distinguish classes (Tg) and 
(Tg)l for C2 7^ 0, ci = we may use Lagrangian tangency order related to component 
Ci. We have Lt[C 2 : C x ] = 1 for class (T 8 )° but Li[C 2 : Ci] = 2 for class (T 8 )£ 
if c 2 ^ 0, ci = 0. In similar way we can distinguish classes (T%)\ and (Tg)f, for 
c 2 ^0, Cl = 0. 



Remark 2.14. We can see from Table [5] that the Lag rangian tangency order - 
Lt distinguishes different classes that the index of isotropy - ind. For example the 
class (Tg) 4 in the case c\ = 0, c 2 ^ and the class (T s ) 6,2 are distinguished by the 
index of isotropy - ind but are not distinguished by the Lagrangian tangency order. 
We can distinguish these classes using the relative Lagrangian tangency order: for 
the class (Tg) 4 in the case C\ = 0, c 2 7^ we have Lt[C 2 : C\] = 3 and for the class 
(T 8 ) 6 ' 2 we have Lt[C 2 : d] = 4. 

The index of isotropy - md for the classes (Tg) 3 ' 1 , (T 8 ) 4 , (Tg) 6 ' 1 , (Tg) 5 ' 1 is less 
than for the class (Tg) 6,2 but the analogical inequality is not hold for the Lagrangian 
tangency order - Lt. 
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Class 


Parameterization 


Conditions 


Li 


Li 


L 2 


ind 


indi 


ind2 


(Ts) 3 - 1 


(t 3 ,^. t 4 ,-t 2 , 0,0,0,- •■) 


c 2 ^0 


3 


5 


3 


1 


1 


1 




(±t 2 , |t 2 ,0,=Fcit 3 ,i,0, ■■■) 


c 2 = 


3 


oo 


3 


1 


oo 


1 


(Ts) 4 


(t 3 ,^* 4 ,-* 2 , 0,0, <),•••) 


ci ■ c 2 ^ 


4 


5 


4 


1 


1 


2 




(±t 2 ,^t 3 ,0,T* 3 ,*,0, ■■■) 


ci = 0, c 2 ^ 


4 


oo 


4 


1 


oo 


2 






ci ^ 0,c 2 = 


5 


5 


oo 


1 


1 


oo 


(Ts) 6 ' 1 


(i 3 ,0, -t 2 ,0, 0,0, ■■■) 
(±t 2 ,ft 4 ,0,=F< 3 ,*,0, •■■) 




5 


oo 


oo 


1 


oo 


oo 


(Tg) 5 ' 1 


(*3, 1*4,-^,0,0,0, •••) 


c^0 


4 


5 


4 


1 


1 


2 




(±t 2 , §t 3 ,0,0,t,0, ■ ■ ■ ) 


c = 


5 


5 


oo 


1 


1 


oo 


(Ts) 6 ' 2 


(i 3 ,0, -t 2 ,0, 0,0, ■■■) 
(±t 2 ,-|t 3 ,0, 0,t,0, ■■■) 




4 


oo 


4 


2 


oo 


2 


(Ts) 7 


(t 3 ,0, -t 2 ,0, 0,0, ■■■) 
(±t 2 ,±t 4 ,0, 0,i,0, •■■) 




7 


oo 


oo 


3 


oo 


oo 


(Tsf 


(i 3 ,0, -t 2 ,0, 0,0, ■■■) 
(±t 2 ,0,0,0,i,0, ■■•) 




oo 


oo 


oo 


oo 


oo 


oo 



TABLE 5. Lagrangian invariants for symplectic classes of Ts singularity 
when ui\w =0; W - the tangent space to a non-singular 3-dimensional 
manifold in (R 2n ^ 6 ,uj) containing jV6(T 8 ). 



We are not able to distinguish all symplectic classes using the Lagrangian tan- 
gency orders or the indices of isotropy but we can do it checking geometric condi- 
tions formulated analogically as for T-j singularity (Section 1X2)) . 

3. Symplectic T 7 -singularities 

Denote by (T7) the class of varieties in a fixed symplectic space (M. 2n ,uj) which 
are diffeomorphic to 

(3.1) T 7 = {x e R 2 ™- 4 : x\ + x\ + x 3 3 = x 2 x 3 = x> 4 = 0}. 

This is the classical 1-dimensional isolated complete intersection singularity T7 
(0, [AVO] ). TV is quasi-homogeneous with weights w(x%) = 3, w(x2) = w(x 3 ) = 2. 

We use the method of algebraic restrictions to obtain a complete classification 
of symplectic singularities of (T 7 ) presented in the following theorem. 

Theorem 3.1. Any stratified submanifold of the symplectic space (R 2n , X)"=i dpi A 
dqi) which is diffeomorphic to T-j is symplectically equivalent to one and only one 
of the normal forms T7, i = 0, 1, • • • ,7 (resp. i = 0, 1, 2,4). The parameters c, c\, C2 
of the normal forms are moduli. 

T 7 °: p\ + p\ + qP, = 0, p 2 q2 = 0, qi = c x q 2 + c 2 p 2 , P> 3 = <7>3 = 0, Ci • c 2 ^ 0; 
T-j : p\+p 2 + ql =0, p 2 qi = 0, q 2 = aqi - c 2 pip 2 , p> 3 = q> 3 = 0; 
T 2 : p\+p\+ql = Q, P292 = 0, q x = f q%+fpl P>3 = <7>3 = 0, (ci, c 2 ) + (0, 0); 
T 4 ; p 2 + p| + ^3 = 0j p 2(Z2 = 0, qi = p> 3 = g> 3 = 0; 

T 7 3 : p 2 +P2 +P3 = 0, P2P3 = 0, gi = f-pf, + 92 = -C2P1P3, P>4 = 9>3 = 0; 

T 7 5 : p 2 +P2 +P3 = 0) -P2P3 = 0, qi = fpl, q 2 = -P1P3, P>4 = 9>3 = 0; 

Tf: p\+pI+pI = 0, p 2 P3 = 0, qx = §p|, p> 4 - <7> 2 = 0; 

T 7 7 - Pi +P2 +P% = 0, P2P3 - 0, q>i = p> 4 = 0. 
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In Section [3.1 1 we use the Lagrangian tangency orders to distinguish more sym- 
plectic singularity classes. In Section 13.21 we propose a geometric description of 
these singularities which confirms this more detailed classification. Some of the 
proofs are presented in Section [4] 

3.1. Distinguishing symplectic classes of T-j by Lagrangian tangency or- 
ders and the indices of isotropy. A curve N € (T7) can be described as a union 
of two parametrical branches B\ and B2. Their parameterization is given in the 
second column of Table HJ To distinguish the classes of this singularity we need the 
following three invariants: 

• Lt(N) = Lt(B 1 ,B 2 ) = max(mm{t(Bi,L),t(B2,L)}) 

• L n = ma,x{Lt(Bi), Lt(B2)} = maxjmax t{B\, L),max t(B2,L)} 

• Lf = mm{Lt(Bi), Lt(B2)} = min{max t{B\, L), max t(B%, L)} 

where L is a smooth Lagrangian submanifold of the symplectic space. 

Branches B\ and B2 are diffeomorphic and are not preserved by all symmetries 
of Tj so neither Lt(Bi) nor Lt(B 2 ) can be used as invariants. The new invariants 
are defined instead: L n describing the Lagrangian tangency order of the near- 
est branch and Lf representing the Lagrangian tangency order of the farthest 
branch. Considering the triples (Lt(N), L n , L /) we obtain more detailed classifica- 
tion of symplectic singularities of T7 than the classification given in Table [101 Some 
subclasses appear having a natural geometric interpretation (Tables [7] and [8|) . 

Remark 3.2. We can define the indices of isotropy for branches similarly as the 
Lagrangian tangency orders and use them to characterize singularities of T7. We 
use the following invariants: 

• ind n = iaax{ind(Bi),ind(B2)} 

• inff = mm{ind(Bi) 1 ind(B2)} 

where ind(Bi), ind(B2) denote the indices of isotropy for individual branches. 
They can be calculated knowing their dependence on the Lagrangian tangency 
orders Lt{B x ), Lt(B 2 ) for A 2 singularity (Table [T]). 

Theorem 3.3. A stratified submanifold N € (X7) of a symplectic space (R 2 ",u;) 
with the canonical coordinates (pi, qi, ■ ■ ■ ,p n ,q n ) is symplectically equivalent to one 
and only one of the curves presented in the second column of Tabled The parame- 
ters c, ci, C2 are moduli. The indices of isotropy are presented in the fourth, the fifth 
and the sixth column of Table [6] and the Lagrangian tangency orders of the curve 
are presented in the seventh, the eighth and the ninth column of the Table. 

The comparison of invariants presented in Table [6] shows that the Lagrangian 
tangency orders distinguish more symplectic classes than the indices of isotropy. 
The method of calculating these invariants is described in Section l4~4l 
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Class 


Parameterization 
of branches 


Conditions 
for subclasses 


ind 


ind n 


indf 


Lt(N) 


L n 


h 


m° 

2n> 4 


(t 3 ,-cit 2 ,0, -t 2 ,0,---) 
(t 3 ,-c 2 i 2 ,-i 2 ,0,0, ■■■) 


ci ■ c 2 ^ 











2 


3 


3 






Cl • C2 ^ 





1 





2 


5 


3 


(TV) 1 


(i 3 , -t 2 ,0, -cit 2 ,0, ■ ■ ■ ) 


ci = 0, c 2 ^ 





1 





3 


5 


3 


2n> 4 


(t 3 ,0, -t 2 ,c 2 i 5 ,0, ■••) 


Cl ^ 0, c 2 = 





00 





2 


00 


3 






ci = 0,c 2 = 





00 





3 


00 


3 


(Tr) 2 


(t 3 ,4* 4 ,o,-t 2 ,o,--) 


ci ■ C2 ^ 





1 


1 


2 


5 


5 


In > 4 


2 

[t , j — C , U, U, ■ ■ ■ ) 


ci ■ C2 =0, 
(ci,c 2 ) 7^(0,0) 





00 


1 


2 


00 


5 




i^t , -^t , U, C2C , — t , U, ■ ■ -J 


^ -A r\ 
Cl ^ U 


1 
1 


1 
1 


1 











2n> 6 


(i 3 , ^t 4 ,-i 2 , 0,0,0,---) 


ci = 


1 


00 


1 


5 


CO 


5 


(TV) 4 
2n> 4 


(i 3 ,ft 6 ,0,-t 2 ,0,--) 
(t 3 ,0, -t 2 ,0,0, ■■■) 







00 


00 


2 


CO 


CO 


(TV) 5 
2n> 6 


(i 3 , -§t 6 ,0,i 5 ,-i 2 ,0,---) 
(i 3 ,0, -t 2 , 0,0,0, •■■) 




1 


00 


00 


5 


CO 


CO 


(T 7 )6 
2n> 6 


(t 3 , -it 6 , 0,0, -t 2 ,0, ■••) 
(t 3 ,0, -t 2 , 0,0,0, •■■) 




2 


00 


00 


7 


CO 


CO 


(Tr) 7 
2n> 6 


(i 3 , 0,0,0, -t 2 ,0, •■■) 
(t 3 ,0, -t 2 , 0,0,0, ■■■) 




00 


00 


00 


CO 


CO 


CO 



TABLE 6. The Lagrangian tangency orders and the indices of isotropy 
for symplectic classes of T7 singularity. 



3.2. Geometric conditions for the classes (T 7 ) 1 . The classes (T7Y can be dis- 
tinguished geometrically, without using any local coordinate system. 

Let iV £ (TV). Then N is the union of two branches - singular 1-dimensional 
irreducible components diffeomorphic to A 2 singularity. In local coordinates they 
have the form 

B\ = {x\ + xl — 0, X2 = X> 4 = 0}, 

B 2 = {x\+x\ = 0, a;> 3 = 0}. 

Denote by £1,^2 the tangent lines at to the branches B\ and B2 respectively. 
These lines span a 2-space Pi. Let P2 be 2-space tangent at to the branch B\ 
and P3 be 2-space tangent at to the branch B 2 . Define the line £3 — P2 fl P3. The 
lines ^1,^27^3 span a 3-space W = W(N). Equivalently W is the tangent space at 
to some (and then any) non-singular 3-manifold containing N . 

The classes (Tj) 1 satisfy special conditions in terms of the restriction u>\w, where 
u> is the symplectic form. For N = T7 = (|3.ip it is easy to calculate 

(3.2) £1 — span(9 / '8x3) , £2 — sp&n(8/8x2), £3 — span(9 / 8x\) . 

3.2.1. Geometric conditions for the class [0]r 7 - The geometric distinguishing of the 
class (T7) 7 follows from Theorem l4.4l : N £ (T7) 7 if and only if N it is contained in 
a non-singular Lagrangian submanifold. The following theorem gives a simple way 
to check the latter condition without using algebraic restrictions. Given a 2-form a 
on a non-singular submanifold M of R 2 ™ such that cr(0) = and a vector v £ TqM 
we denote by C v a the value at of the Lie derivative of tr along a vector field V 
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on M such that v — V(0). The assumption <j(0) = implies that the choice of V 
is irrelevant. 

Proposition 3.4. Let N E (T7) be a stratified submanifold of a symplectic space 
(R 2n ,(jj). Let M 3 be any non-singular submanifold containing N and let a be the 
restriction of ui to TM 3 . Let u, E 1% be non-zero vectors. If the symplectic form uj 
has zero algebraic restriction to N then the following conditions are satisfied: 

I. cr(0) = 0, 

II. C V3 a(vi, Vj) = for i,j E {1, 2}, 
///. C Vi (x(v3, Vi) — for i E {1,2}, 

IV. C Vi a{v 3l Vj) = C V] a(v 3 ,Vi) for i ^ j E {1,2}, 

Theorem 3.5. A stratified submanifold N E (TV) of a symplectic space (]R 2 ",u;) 
belongs to the class (TV) 1 if and only if the couple (N, uj) satisfies corresponding 
conditions in the last column of Table^ or [SI 



Class 


Normal form 


Geometric conditions 


(TV) 


pV]° : [0! + Cl e 2 + c 2 e 3 ] Tr 

Cl • C 2 7^ 


w\ ti+tj Vz,j E {1,2,3} so 

2-spaces tangent to branches are not isotropic 


(TV) 1 




Bi/j £{1,2} w £ i+ £ 3 = and w\t j+ i 3 =fi 
(exactly one branch has tangent 2-space isotropic) 


[TV]2, 5 : Mi+6»2 + c 2 <9 5 ]t 7 

Cl • C 2 7^ 


uj \i 1 +e 2 7^ and no branch is contained in a La- 
grangian submanifold 


[TV]i, 5 : [6»2+C2^]t 7 , 
C2 7^0 


td\e 1 +e 2 — and no branch is contained in a La- 
grangian submanifold 


[TVla.oo ; [ c i^i + #2]t 7 , 
ci 


LJ \e 1 +e 2 7^ and exactly one branch is contained 
in a Lagrangian submanifold 


[TV]3,oo : [fe]r 7 


td\e 1 +e 2 — and exactly one branch is contained 
in a Lagrangian submanifold 


(TV) 2 




w \t x +t 2 7^ 0,uj\e i+ e 3 = Vi E {1, 2} 


[TV]1 : [6>i + ci0 4 + c 2 5 ]t 7 

Cl • C 2 / 


no branch is contained in a Lagrangian submani- 
fold 


[T 7 ]L : [6>i+ci04 + c 2 6 ]t 7 

Cl ■ C 2 = 0, Cl + C 2 =fi 


exactly one branch is contained in a Lagrangian 
submanifold 


(TV) 4 


[T 7 ] 4 : [6»i + c6 7 ]t 7 


iu \ei+e 2 0, w|i 4 +/ 3 = Vi E {1, 2}, 
and branches are contained in different La- 
grangian submanifolds 



TABLE 7. Geometric interpretation of singularity classes of TV when 
ui\w 7^ 0; W - the tangent space to a non-singular 3-dimensional mani- 
fold in (R 2n - 4 ,cj) containing TV E (T 7 ). 



The proofs of the theorems of this Section are presented in Section 14.51 



14 WOJCIECH DOMITRZ AND ZANETA TREBSKA 



Class 


Normal form 


Geometric conditions 


(T 7 ) 3 


[T 7 ]l : l9 4 + Cl e 5 +c 2 6 6 ] T7 
ci / 


III is not satisfied and no branch is contained in 
a Lagrangian submanifold 


[2V]2a : [0 4 + c 2 6 ]t 7 


III is not satisfied and exactly one branch is con- 
tained in a Lagrangian submanifold 


(T 7 ) 5 


[T 7 ] 5 : [0„ + c0 7 ]t 7 


III is satisfied but II is not and branches are con- 
tained in different Lagrangian submanifolds. 


(T 7 ) 6 


PV]" : [0t]t 7 


I - IV are satisfied and branches are contained in 
different Lagrangian submanifolds. 


(Tr) 7 


[Tr] 7 : [0] T7 


I - IV are satisfied and N is contained in a La- 
grangian submanifold 



TABLE 8. Geometric interpretation of singularity classes of T 7 when 
u | w — 0; W - the tangent space to a non-singular 3-dimensional manifold 
in (R 2 "- 6 ,cj) containing iVG(T 7 ); I -IV- conditions of Proposition I3H 



4. Proofs 

4.1. The method of algebraic restrictions. In this section we present basic 
facts on the method of algebraic restrictions, which is a very powerful tool for the 
symplectic classification. The details of the method and proofs of all results of this 
section can be found in [DJZ2J . 

Given a germ of a non-singular manifold M denote by A P (M) the space of all 
germs at of differential p-forms on M. Given a subset N C M introduce the 
following subspaces of A P (M): 

A P N (M) = {u€ A p (M) : u(x) = for any x G N}; 

A P (N, M) = {a + d[3: a G A P N (M), (3 G A P ^\M).} 

Definition 4.1. Let N be the germ of a subset of M and let w G A P (M). The 
algebraic restriction of u> to N is the equivalence class of w in A P (M), where the 
equivalence is as follows: uj is equivalent to u> if uj — uj € Aq(N, M). 

Notation. The algebraic restriction of the germ of a p-form oj on M to the germ 
of a subset N C M will be denoted by [uj)n- Writing [uj]n — (or saying that uj 
has zero algebraic restriction to N) we mean that [lo]n = [0]jv, i- e - w £ -^{N, M). 

Definition 4.2. Two algebraic restrictions [lu]n and [w]^ are called diffeomor- 
phic if there exists the germ of a diffeomorphism $ : M — y M such that $(iV) = N 
and $*(Hjv) = [ulft. 

The method of algebraic restrictions applied to singular quasi-homogeneous sub- 
sets is based on the following theorem. 

Theorem 4.3 (Theorem A in DJZ2]). Let N be the germ of a quasi-homogeneous 
subset of R 2 ™. Let u>q,uji be germs of symplectic forms on K 2 ™ with the same 
algebraic restriction to N . There exists a local diffeomorphism $ such that <!>(x) = x 
for any x £ N and <&*oji — ujq. 

Two germs of quasi-homogeneous subsets N% , N2 of a fixed symplectic space 
(M. 2n ,ui) are symplectically equivalent if and only if the algebraic restrictions of 
the symplectic form uj to N\ and N2 are diffeomorphic. 
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Theorem 14.31 reduces the problem of symplectic classification of germs of sin- 
gular quasi-homogeneous subsets to the problem of diffeomorphic classification of 
algebraic restrictions of the germ of the symplectic form to the germs of singular 
quasi-homogeneous subsets. 

The geometric meaning of zero algebraic restriction is explained by the following 
theorem. 

Theorem 4.4 (Theorem B in [DJZ2 ). The germ of a quasi-homogeneous set N of 
a symplectic space (R 2 ",u;) is contained in a non-singular Lagrangian submanifold 
if and only if the symplectic form ui has zero algebraic restriction to N . 

The following result shows that the method of algebraic restrictions is very pow- 
erful tool in symplectic classification of singular curves. 

Theorem 4.5 (Theorem 2 in [D]). Let C be the germ of a ¥L-analytic curve (for 
K = M. or K = C). Then the space of algebraic restrictions of germs of closed 
2-forms to C is a finite dimensional vector space. 

By a K-analytic curve we understand a subset of K™ 1 which is locally diffeo- 
morphic to a 1-dimensional (possibly singular) K-analytic subvariety of K m . Germs 
of C-analytic parameterized curves can be identified with germs of irreducible C- 
analytic curves. 

In the paper we use the following notations: 

• [A 2 (R 2 ™)] ■ the vector space consisting of algebraic restrictions of germs of all 
2-forms on R 2n to the germ of a subset N C R 2ra ; 

• [Z 2 (R 2 ")] : the subspace of [A 2 (R 2 ")] JV consisting of algebraic restrictions of 
germs of all closed 2-forms on R 2 ™ to N; 

• [Symp(R 2 ™)] : the open set in [Z 2 (R 2n )] Af consisting of algebraic restrictions 
of germs of all symplectic 2-forms on R 2n to N. 

For calculating discrete invariants we use the following propositions. 

Proposition 4.6 ( DJZ2 ). The symplectic multiplicity of the germ of a quasi- 
homogeneous subset N in a symplectic space is equal to the codimension of the orbit 
of the algebraic restriction [oj]n with respect to the group of local diffeomorphisms 
preserving N in the space of algebraic restrictions of closed 2-forms to N . 

Proposition 4.7 ( DJZ2 ). The index of isotropy of the germ of a quasi-homogeneous 
subset N in a symplectic space (R 2n ,u;) is equal to the maximal order of vanishing 
of closed 2-forms representing the algebraic restriction [ui]n. 

Proposition 4.8 ( D ). Let f be the germ of a quasi-homogeneous curve such 
that the algebraic restriction of a symplectic form to it can be represented by a 
closed 2- form vanishing at 0. Then the Lagrangian tangency order of the germ of 
a quasi-homogeneous curve f is the maximum of the order of vanishing on f over 
all 1- forms a such that [ui]f = [da]f 

4.2. Algebraic restrictions to X7 and their classification. One has the fol- 
lowing relations for (T^-singularities 

(4.1) [d(x 2 x 3 )] Tr = [x 2 dx 3 + x 3 dx 2 ]T 7 = 

(4.2) [d{x\ +xl + xl)} Tv = [2xidxi + 3xjdx 2 + 3xldx 3 ]r 7 = 
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relations 


proof 


1. 


[x2<ix2 A dx^N = 


(|4~Tj)Ad:r? 


2. 


[xzdx2 A dxsjjv = 


(|4J|)Adx3 


3. 


[x$dxi A dx2]N = [x2dxz A dx\\N 


(j4~T|)Ada:i 


4. 


[xidxi A dx2]N = 


(|4.2j)Arfa:? and row 2. 


5. 


[xidx! A da:3]jv = 


(|4.2j)Ari:r3 and row 1. 


6. 


[x\dx\ A da^liv = [x'ldx-i A da;i]iv 


(|4~2))Adxi 


7. 


[x\dx2 A dK3]jv = 


rows 1. and 2. and [x\\n = [— a;| — x^]n 


8. 


[x^cixi A dx2]N = 


(|4.ipAa;3d3;i and [x2Xs\n = 



TABLE 9. Relations towards calculating [A 2 (R 2n )] N for N = T 7 



Multiplying these relations by suitable 1-forms we obtain the relations in Table [9l 
Using the method of algebraic restrictions and Table [9] we obtain the following 
proposition: 

Proposition 4.9. [A 2 (R 2 ")]t 7 is a 8- dimensional vector space spanned by the al- 
gebraic restrictions to T7 of the 2-forms 

6 1 = dx2 A 62 — dx\ A dx3, 0% — dx\ A dx2, 

04 = x^dxi A dx3, #5 = X2dx± A dx2, 

<Ti = x^dxi A dx2, 02 = x\dx2 A dx^, 
= x 2 dx± A dx$. 

Proposition 14.91 and results of Section 14.11 imply the following description of the 
space [Z 2 (R 2n )} T7 and the manifold [Symp(R 2 ")] T7 . 

Theorem 4.10. [Z 2 (M. 2ti )]t 7 is a 7 '-dimensional vector space spanned by the alge- 
braic restrictions to Tj of the quasi-homogeneous 2-forms 9i 

#1) &2, O3, #4, #5, $6 = °~l — °~2, &7- 

J/n > 3 then [Symp(M 2n )] T7 = [Z 2 (R 2,l )] T7 . The manifold [Symp(R 4 )] T7 is an 
open part of the 7 -space [Z 2 (M 4: )}t 7 consisting of algebraic restrictions of the form 
[ci#i + • • • + c-j9t\t 7 such that (ci , C2, C3) 7^ (0, 0, 0). 

Theorem 4.11. 

(i) Any algebraic restriction in [Z 2 (M. 2n )]T 7 can be brought by a symmetry ofT^ to 
one of the normal forms [Ti] 1 given in the second column of Table VUk 

(ii) The codimension in [Z 2 (R 2n )]x 7 of the singularity class corresponding to the 
normal form [T7]' is equal to i; 

(Hi) The singularity classes corresponding to the normal forms are disjoint; 

(iv) The parameters c, c%, C2 of the normal forms [T7] , [T7] 1 , [T7] 2 , [T7] 3 , [T7] , [T7] 5 
are moduli. 

The proof of Theorem 14.111 is presented in section 14.61 
In the first column of Table ITOl by (T^) 1 we denote a subclass of (T7) consisting of 
N G (T7) such that the algebraic restriction [uj]n is diffeomorphic to some algebraic 
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Symplectic class 


Normal forms for algebraic restrictions 


cod 




ind 


(T 7 )° (2n > 4) 


PV]° 


[0i +ci0 2 + c 2 3 ] T7 , Cl • C 2 ^ 





2 





(Tt) 1 (2n > 4) 




[ci01 + 02 + c 2 5 ]t 7 


1 


3 





(T 7 ) 2 (2n > 4) 


[T 7 ] 2 


[01+ Ci 4 +C 2 5 ]t 7 , (01,(32)^(0,0) 


2 


4 





(T 7 ) 3 (2n > 6) 


[T 7 ] 3 


[6>4 + C105 + C 2 6 ]t 7 


3 


5 


1 


(T 7 ) 4 (2n > 4) 


[T 7 ] 4 


[01 + C0 7 ] T? 


4 


5 





(T 7 ) 5 (2n > 6) 


[T 7 ] 5 


[06 + C0 7 ] T7 


5 


6 


1 


(T 7 ) 6 (2n > 6) 


[T 7 ] 6 


[07] T 7 


6 


6 


2 


(T 7 ) 7 (2n > 6) 


[Tr] 7 


[0]t 7 


7 


7 


CO 



TABLE 10. Classification of symplectic T 7 singularities. 

cod - codimension of the classes; [i ayrn - symplectic multiplicity; 

ind - the index of isotropy. 



restriction of the normal form [T 7 ] 4 . Theorem 14.31 Theorem 14.111 and Proposition 
14.101 imply the following statement which explains why the given stratification of 
(T 7 ) is natural. 

Theorem 4.12. Fix i £ {0, 1, • • • , 7}. All stratified submanifolds N e (T 7 ) 1 have 
the same (a) symplectic multiplicity and (b) index of isotropy given in Table \7u\ 

Proof. Part (a) follows from Proposition ^. 6l and Theorem 14.111 and the fact that the 
codimension in [Z 2 (R 2ti )]t 7 of the orbit of an algebraic restriction a S [T 7 ] z is equal 
to the sum of the number of moduli in the normal form [T?] 1 and the codimension 
in [Z 2 (M 2 ™)]t 7 of the class of algebraic restrictions defined by this normal form. 
Part (b) follows from Theorem 14.41 and Proposition 14.71 □ 

Proposition 4.13. The classes (T 7 ) 1 are symplectic singularity classes, i.e. they 
are closed with respect to the action of the group of symplectomorphisms. The 
class (T 7 ) is the disjoint union of the classes (T 7 ) l ,z 6 {0, l,--- ,7}. The classes 
(T 7 )°, (T7) 1 , (T7) 2 , (TV) are non-empty for any dimension 2n > 4 of the symplectic 
space; the classes (I7) 3 , (XV) 5 , (T7) 6 , (T7) 7 are empty if n = 2 and not empty if 
n > 3. 

4.3. Symplectic normal forms. Proof of Theorem 13.11 Let us transfer the 
normal forms [T?] 1 to symplectic normal forms. Fix a family uj 1 of symplectic forms 
on R 2n realizing the family [T 7 ] 1 of algebraic restrictions. We can fix, for example 

u>° = 9i + c 4 9 2 + c 2 9 3 + dx\ A dx 4 + dx 5 A dx 6 + ■ ■ • + dx 2n -i A dx 2n , c 4 ■ c 2 ^ 0; 

uj 1 = c\9\ + 9 2 + c 2 9 5 + dx 2 A dx 4 + dx$ A dx@ + • • • + dx 2n _i A dx 2n ; 

io 2 = 6>i +ci9 4 + c 2 9 5 + dxi Adx 4 + dx 5 Adx 6 + ■ ■ - + dx 2n -i Adx 2n , (ci , c 2 ) 7^ (0, 0); 

ui 3 = 94+Ci9^+c 2 9e+dxiAdx4+dx 2 Adxc,-\-dx3Adxe+dxiAdxs + - ■ ■+dx 2n - 4 Adx 2n ; 

uj 4 = 9\ + c:9j + dx\ A dxi + dx§ A dx^ + ■ ■ ■ + dx 2n -i A dx 2n ; 

ui 5 = 9q + c9? + dx\ A dx 4 + dx 2 A dx$ + dx% A dxg + dx? A dxg + • ■ ■ + dx 2n -i A dx 2n ; 

uj 6 = 9j + dxi A dx 4 + dx 2 A dx§ + dx$ A dx§ + dx-j A dx% + • • • + dx<x n -\ A dx 2n ; 

ui 7 = dx\ A dx^ + dx 2 A dx§ + dxj, A dx§ + dxj A dx% + • ■ ■ + dx 2n -\ A dx 2n . 

Let uj = Y^iLi dpi A dqi, where (pi, q±, ■ ■ ■ ,p n ,<ln) is the coordinate system on 
R 2n ,n > 3 (resp. n = 2). Fix, for i = 0, 1, • • • , 7 (resp. for i = 0, 1, 2, 4) a family 
<1> 1 of local diffeomorphisms which bring the family of symplectic forms lo 1 to the 
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symplectic form lu: ($*)*o/ = w. Consider the families T% = ($ i ) _1 (T7). Any 
stratified submanifold of the symplectic space (R 2 ",w) which is diffeomorphic to 
T7 is symplectically equivalent to one and only one of the normal forms T%, i = 
0, 1, • • ■ ,7 (resp. i = 0,1,2,4) presented in Theorem 13.11 By Theorem 14.111 we 
obtain that parameters c, ci, ci of the normal forms are moduli. 

4.4. Proof of Theorem 13.11 The numbers ind[B\) and indiBq) are computed 
using Proposition 14.71 to branches B\ and B^. The space [Z 2 {R 2ti )]b 1 is spanned 
only by the algebraic restrictions to B\ of the 2-forms 62, O4. The space [Z 2 (M. 2ti )]b 2 
is spanned only by the algebraic restrictions to B2 of the 2-forms #3, 6*5. Branches 
are curves of type A2 and from Table Q] we know the interaction between the index 
of isotropy and the Lagrangian tangency order. Knowing ind(B\) and ind{Bz) we 
obtain Lt(Bi) = 3 + ind(Bi) and Lt{B2) = 3 + ind{B-2). Then Lf is the minimum 
of these numbers and L n is the maximum of them. Next we calculate Lt(N) by 
definition finding the nearest Lagrangian submanifold to the branches knowing that 
it can not be greater than L f . 

As an example we calculate the invariants for the class (T7) 1 . 
We have [w 1 ]^ = [c 1 9 1 +9 2 +c29 5 } Bl = [0 2 ]b 1 and thus ind(B x ) = OandLi(-Bi) = 3. 
[u> 1 ]b 2 = [ci#i +0 2 + C20 5 }b 2 = [c205]b 2 an d thus ind(B 2 ) = 1 and Lt(B 2 ) = 5 if 
ci 7^ and ind{B<i) = 00 and Lt{B2) = 00 if C2 = 0. 

Finally for the class (T7) 1 we have L n = 5 if C2 7^ and L„ = 00 if C2 = and 
L f = 3 so Lt(N) < 3. 

For the smooth Lagrangian submanifolds L defined by the conditions: 
Pi = 0, q 2 = and pi = for i > 2 we get i[iV, L] = 3 if c x = thus Lt(JV) = 3 
in this case. But if c\ ^ then t[JV, L] = 2 and it can not be greater for any other 
smooth Lagrangian submanifold so Lt(N) = 2 in this case. 

4.5. Proof of Theorem \5J& 

Proof of Proposition \3.4\ Any 2-form a which has zero algebraic restriction to T7 
can be expressed in the following form a = B\a + H 2 f3 + dH\ A 7 + dH2 A 6, 
where Hi = x\ + x\ + x 3 , H 2 = X2X3 and a, /3 are 2-forms on TM 3 and 7 = 
jxdxi + 72(i£2 + 73^X3 and (5 = <5ig?xi + &2dx2 + S^dx^ are 1-forms on TM 3 . Since 

(4.3) ffi(0) = fla(0) = 0, dffi| = dfl- 2 |o = 

we obtain the following equality 

£„cx = d(V Ja)| + (V \da)\ = d(V \a)\ . 

(|4.3p also implies that 

d(V \a)\ = d(yjdHi)\ A 7 |o + d(V\dH 2 )\ A <J| . 

By simply calculation we get 

C Vl cr = dx2 A 6\o = 63^ dx2 A dx% — d±\o dx\ A dx2, 

L V2 a = dx3 A 8\o — Si\o dx% A dxi — £ 2 |o dxi A dx%, 

C V3 a = 2dx\ A 7I0 = 272 |o dx\ A dx2 — 273 |o (2x3 A dx\. 
Finally we obtain 
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£ Vl a(v 3 ,vi) = 0, £ V2 a(v 3 ,v 2 ) = 0, £ W3 <7(vi, u 2 ) = 0, 

A)iCr(«3,«2) = -<5l|o = -Ci, 2 cr(w3, 

□ 

Proof of Theorem Iff. 51 The conditions on the pair AT) in the last column of Table 
[7] and Table [8] are disjoint. It suffices to prove that these conditions the row of (T?y, 
are satisfied for any N £ (TV) 1 . This is a corollary of the following claims: 

1. Each of the conditions in the last column of Tables [71 [5] is invariant with respect 
to the action of the group of diffeomorphisms in the space of pairs (to, N); 

2. Each of these conditions depends only on the algebraic restriction [w]jv; 

3. Take the simplest 2-forms w ! representing the normal forms [Tf] 1 for algebraic 
restrictions: to , u , to 2 , cj 3 , uj 4 , uj 5 , u> 6 , up . The pair (to — oj 1 ,Tj) satisfies the 
condition in the last column of Table [7J or Table HI the row of (T?y. 

To prove the third statement we note that in the case N = T 7 = (|3.ip one 
has W = span(9/9xi, d/dx 2 , d/dx 3 ) and Vi G l\ = span(d / dx 3 ) , v 2 € l 2 = 
span(d/dx 2 ), «3 € £3 = span(<9/<9:ci). By simply calculation and observation of 
Lagrangian tangency orders we obtain that following statements are true: 
(T°) Lu°\e 1+ e 2 ^ and uj a \g 1+ g 3 ^ and also ui°\i 2+ i a ^ 0, and L n < 00 and Lf < 00 
hence no branch is contained in a smooth Lagrangian submanifold. 

(T 1 ) For any ci,c 2 w 1 ^^ = and u x \i 2+ t 3 ^ or w^ti+l* and w 1 |i 2 +4 = 0. 
If C2 = then and L n = 00 and L/ < 00 hence exactly one branch is contained 
in some smooth Lagrangian submanifold. For c 2 =/= L n < 00 and Lf < 00 so no 
branch is contained in a smooth Lagrangian submanifold. to = if and only 

if c x = 0. 

(T 2 ) Foranyci,c 2 w 2 |<> 1+< > 2 ^ 0andw 2 |£ 1+<?3 = and also tu 2 \e 2+ e 3 = 0. If c\-c 2 ^ 
then L n < 00 and Lf < 00 so no branch is contained in a Lagrangian submanifold. 
If ci = and c 2 7^ or c\ ^ and c 2 = then and L n = 00 and Lf < 00 hence 
exactly one branch is contained in some smooth Lagrangian submanifold. 

(T 3 ) The Lie derivative of w 3 = 64 + c\Q§ + c 2 6q along a vector field V — d/dx^ is 
not equal to 0, so condition III of Proposition 13.41 is not satisfied. If C\ ^ then 
L n < 00 and Lf < 00 hence no branch is contained in a Lagrangian submanifold. 
If ci = then L n — 00 and Lf < 00 hence only one branch is contained in some 
Lagrangian submanifold. 

(T 4 ) For any c oj 4 \g 1+ e 2 ^ and ui 4 \e 1+ e 3 = and also io 4 \i 2+ ( 3 — 0. Both 
branches are contained in different Lagrangian submanifolds since L n = Lf = 00 
and Lt(N) < 00. 

(T 5 ) We can calculate the Lie derivatives of w 5 = 6q + c0j along a vector fields V\ = 
d/dx 3 and V 2 = d/dx 2 and V 3 = d/dx 3 : C Vl u 5 (V 3 , Vi) = and C Va u 5 (V 3 , V 2 ) = 0, 
so condition III of Proposition 13.41 is satisfied, but the Lie derivative ILy 3 to (Vi, V 2 ) 
is not equal to 0, so condition II of Proposition 13.41 is not satisfied. We have 
Lt(N) < 00 and L n = Lf = 00 hence branches are contained in different Lagrangian 
submanifolds. 

(T 6 ) The Lie derivatives of to 6 = 6 7 , £ Vi u> 6 (Vj ,V k ) = for i,j,k G {1,2,3}, so 
conditions II, III and IV of Proposition ^. 41 are satisfied. We have Lt(N) < 00 and 
L n = Lf = 00 hence branches are contained in different Lagrangian submanifolds. 
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(T 7 ) For lo 1 = we have C Vi uj 7 (V 3 ,V k ) = for i,j,k € {1,2,3}, so conditions II, 
III and IV of Proposition 13.41 are satisfied. The condition Lt(N) = oo implies the 
curve N is contained in a smooth Lagrangian submanifold. 

□ 



4.6. Proof of Theorem 14.111 In our proof we use vector fields tangent to N <E 
(TV). A Hamiltonian vector field is an example of such a vector field. We recall by 
[AGLV] a suitable definition and facts. 



Definition 4.14. Let H = {Hi = • • • = H p = 0} C 

Consider a set of p + 1 integers 1 < i\ < ■ ■ ■ < i 



n be a complete intersection. 
< n. A Hamiltonian vector 
field Xg(ii, . . . , ip+i) on a complete intersection H is the determinant obtained by 
expansion with respect to the first row of the symbolic {p + 1) x (p + 1) matrix 



p+i 



(4.4) 



X H (ii, ■ ■ ■ ,i P +i) = det 



d/dx h 



dH 1 /dx ip+1 



Blip/Ox^ 



dH p /dx 



ip+i 



Theorem 4.15 ( WaJ). Let H = {Hi 



Hn 



0} C M™ be a positive di- 



mensional complete intersection with an isolated singularity. If Hi, ... , H p are 
quasi-homogeneous with positive weights Ai, . . . , A„ than the module of vector fields 
tangent to H is generated by the Euler vector field E ~ X)"=i ^ 

d the 

Hamiltonian fields Xh{h, ■ • • , ip+i) where the numbers . . , , i p +\ run through all 
possible sets 1 < i\ < ■ ■ ■ < i 



p+i 



< n. 



Proposition 4.16. Let H = {Hi = ■ ■ ■ = H n -i = 0} C W 1 be a l-dimensional 
complete intersection. If Xjj is the Hamiltonian vector field on H then [£x H (o)]h — 
[0]j? for any closed 2- form a. 

Proof. Note that Xu\dxi A ... A dx n = dHi A ... A dH p . This implies for i < j 



X H \dx t A dxj = (~l) l+J+1 (^r- A 



d 



n-l 



k+i+j j 



d 



A 



A 



dxj 







dxi 



-)\{dHi A-Adffn-i) 



n-l 



-)\{dH Kk A • • • A dH n _ 2 k )dH k = fkdH k 



k=l 1 n - z k=l 

where (ii, • ■ ■ , i n -2) — (!?••• , * — l,i + 1, • • • , j — 1, j + 1, • • • , n) and for fc G 
{1, • • • , n — 1} we take a sequence (Zi,fc, ■ • • , l n -2,k) = (lj • • • , k— 1, k + 1, ■ ■ • ,n — 1). 

Thus [A/f-Jd^-i A dxj]u=o = Efc=i fkdH k ]{i = [0}h- If a = ^i<j '/. ,' / ' r . A is a 
closed 2-form then [Cx h ch\h — [d(Xii\a)]H. It implies that 

[Cx H a] H = y^g»,j[rf(X g Jda;i A dafj)]ir + [d^j A (X H \dx. t A dxj)]^ = [0] ff . 



□ 



The germ of a vector field tangent to T7 of non trivial action on algebraic re- 
striction of closed 2-forms to T7 may be described as a linear combination germs 
of vector fields: X = E, X\ = x 3 E, X 2 = x 2 E, X 3 = X\E, X4 = x\E, X 5 = x\E 
where E is the Euler vector field E = 3xid/dxi + 2x2d/dx2 + 2x38/8x3. 
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Proposition 4.17. The infinitesimal action of germs of quasi-homogeneous vector 
fields tangent to N 6 (T 7 ) on the basis of the vector space of algebraic restrictions 
of closed 2-forms to N is presented in Table [771 





[Oi] 


N 


Ps] 




m 


[06] 


[07] 




m\ 


5[0 a ] 


5[^] 


7[d 4 ] 


7[0 5 ] 


7[0e] 


9[0 7 ] 


*i = x 3 £ 


[0] 




3[0 6 ] 


9[0 7 ] 


[0] 


[0] 


[0] 


X 2 = x 2 E 


[0] 




7^5] 


[0] 


-9[0 7 ] 


[0] 


[0] 


X 3 = x x E 


-4[0 6 ] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


X 4 = x\E 


[0] 


[0] 


-9[e 7 ] 


[0] 


[0] 


[0] 


[0] 


X 5 = x\E 


[0] 


9[0 7 ] 


[0] 


[0] 


[0] 


[0] 


[0] 



Table 1 1 . Infinitesimal actions on algebraic restrictions of closed 
2-forms to T 7 . E = 3xid/dxi + 2x 2 d/dx 2 + 2x 3 d/dx 3 



Let A — [ci8i+c 2 92+c 3 9 3 +C494+c 5 9 5 +ce8e+c 7 9 7 ]T 7 be the algebraic restriction 
of a symplectic form u). 

The first statement of Theorem 14.111 follows from the following lemmas. 

Lemma 4.18. If c\ ■ c 2 • c 3 7^ then the algebraic restriction A — El=i c k9k]T 7 
can be reduced by a symmetry 0/T7 to an algebraic restriction [9\ +£26*2 + c 3 9 3 ]t 7 - 

Proof of Lemma \4-18\ We use the homotopy method to prove that A is diffeomor- 
phic to [6»i +c 2 6>2 + c 3 6» 3 ] T7 . 

Let Bt = Mi + c 2 6» 2 + c 3 <9 3 + (1 - f)c 4 6> 4 + (1 - t)c 5 6» 5 + (1 - t)c 6 8 6 + (1 - t)c 7 7 ] T7 
for t e [0; 1]. Then B = A and i?i = [ci#i + c 2 9 2 + c 3 9 3 ]t 7 - We prove that there 
exists a family $ t € Symm(Tj), t 6 [0; 1] such that 

(4.5) $*£ t = So, $0 = id. 

Let Vt be a vector field defined by ^h. = V f ($ t ). Then differentiating ([43)1 we 
obtain 

(4.6) £y t £t = c 4 6> 4 + c 5 5 + c 6 6» 6 + c 7 9 7 . 

We are looking for Vt in the form Vt = J2k=i bk(t)Xk where bk(t) for k = 1, . . . , 5 
are smooth functions o^ : [0; 1] — » R. Then by Proposition 14. 171 equation (|4.6|) has 
a form 







7c 2 





(4.7) 




7c 3 











3c 3 ~3c 2 


-4c a 






9c 4 (l-t) -9c 5 (l- 


t) 


If Cl 


c 2 ■ C3 7^ we can solve (|4.7|) 


and $t may 







9c 3 







9c 2 



61 










c 4 












C5 


b 3 










C6 


04 






05 




. C 7 



Vt. The family $ t preserves T7, because V t is tangent to T7 and ^B t = A. Using 
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the homotopy arguments we have A diffcomorphic to B\ — \c\Q\ + C2B2 + 0383]^- 
By the condition ci / we have a diffcomorphism ^ 6 Symm{T 7 ) of the form 



(4.8) 

and we obtain 
**(Bi) = 



* : (X!,X2,X 3 ) !->• (|ci| 4 Xi,|ci| 2 X 2l \ci\ 2X3) 



[l — r^i+c 2 |ci| ^9 2 + c 3 \c 1 \ *03}t 7 = [±9i +c 2 2 + c 3 9 3 ] T7 . 



By the following symmetry of T 7 : (xx,X2,x 3 ) i— (x±, x 3 , X2), we have that [9± + 
c 2 6*2 + c 3 9 3 ]t 7 and [— d\ +c 3 9 2 + C29 3 ]t 7 are diffeomorphic. □ 

Lemma 4.19. If c 2 • C3 = and c 2 + C3 7^ then the algebraic restriction of the 
form Ck9k]T 7 can be reduced by a symmetry of T 7 to an algebraic restriction 

[c 1 9 1 +92 + c 5 9 5 ]t 7 . 



Proof of Lemma \4-19\ We use similar methods as above to prove that if c 2 • C3 = 
and c 2 + C3 7^ then A is diffeomorphic to \c\9i + O2 + c^9^]t 7 - 
If c 3 = then c 2 7^ and A — [ci#i + c 2 2 + 046*4 + 05^5 + C6#6 + c 7 9 7 ]t 7 Let 
S t = \aOi + c 2 6> 2 + (1 - i)c 4 6» 4 + c b 9r + (1 - i)c 6 (9 6 + (1 - i)c r (9 r ] r7 for t e [0; 1]. 
Then Bo = A and Si = [ci#i + c 2 9 2 + c$9 5 ]t 7 - We prove that there exists a family 
<f> t € Symm(T 7 ), t e [0; 1] such that 

(4.9) $* t B t = Bo, $0 = id. 

Let Vt be a vector field defined by ^ = V t (Q>t)- Then differentiating (|4.9I) we 
obtain 

(4.10) 



C Vt B t = c 4 6> 4 + c 6 9 6 + c 7 9 7 . 

We are looking for Vt in the form Vt — bx(t)Xi +6 2 (i)X 2 
bk(t) for fc = 1,2,4,5 are smooth functions bk ■ [0; 1] — > 
14 .171 equation (14. 10|) has a form 



-64(^)^4 + ^5(^)^5 where 
R. Then by Proposition 



(4.11) 



7c 2 


9c 4 (l - 



t) 





-3c 2 
-9c 5 





-4 Cl 







9c 2 



bi 






b 2 




c 4 


64 






65 




C7 



If c 2 7^ we can solve (|4.1ip and $t may be obtained as a flow of vector field Vt ■ 
The family $ t preserves T 7 , because Vt is tangent to T 7 and $j Bt — A. Using the 
homotopy arguments we have that A is diffeomorphic to B\ = \c\9\ +c 2 6* 2 + c 5 9 5 ]t 7 - 
By the condition c 2 7^ we have a diffeomorphism "J G Symm(T 7 ) of the form 

_3 _2 _2 

(4.12) * : X2,x 3 ) h-> (c 2 5 xi,c 2 5 a; 2 ,c 2 5 a;3) 

and we obtain 

tf*(Bi) = [cic'^i + 2 + C5C2 ^ 5 ] T? = [ci0i +9 2 + c 5 9 5 ] Tr . 

If c 2 = then C3 7^ and by the diffeomorphism G Symm(T 7 ) of the form: 
(xi,X2,x 3 ) 1 ^ (xi, 2:3, ^2), we obtain 0*[ci#i + 0363 + C4#4 + c 5 9 5 + cq9q + c 7 9 7 ]t 7 = 
\—c\9\ + C302 + C46I5 + c^9i — ce9e — c 7 9 7 ]t 7 and we may use the homotopy method 
now. □ 
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Lemma 4.20. If C2 = C3 = 0, c\ ^ and (04,05) ^ (0,0) then the algebraic 
restriction of the form [y\ Ck0k\T 7 can be reduced by a symmetry of T7 to an 
algebraic restriction [9\ + c^Oi + c^9^\t 7 - 

Lemma 4.21. // c± =/= and C2 = C3 = C4 = C5 = then the algebraic restriction 
of the form Efc=i c k0k]r 7 can be reduced by a symmetry of T-j to an algebraic 
restriction [9\ -\-c 7 9'j]t 7 - 

Lemma 4.22. If c\ = C2 = C3 = and (04,05) 7^ (0,0) £/ien i/ie algebraic 
restriction of the form [y\ Cfcf?fc]Tv can &e reduced by a symmetry of T7 to an 
algebraic restriction [#4 + 05^5 + C6^6]t 7 - 

Lemma 4.23. // ci = . . . = eg = and C6 7^ i/ien i/ie algebraic restriction 
•A — El=i c fc$fc]T 7 can &e reduced by a symmetry of 'T7 £0 an algebraic restriction 
[9 6 + c 7 9 7 } T7 . 

Lemma 4.24. If ci = . . . = c^ = and c-? =/= then the algebraic restriction 
A = Efc=i c fe^fe]T 7 can &e reduced by a symmetry of T7 to an algebraic restriction 
[0t\t 7 - 

The proofs of Lemmas 14.201 - 14.241 are similar and are based on Table [TT1 

Statement (ii) of Theorem 14.111 follows from conditions in the proof of part (i) 
and (Hi) follows from Theorem 13.51 which was proved in Section 13.21 

Now we prove that the parameters c, c\, C2 are moduli in the normal forms. The 
proofs are very similar in all cases. We consider as an example the normal form with 
two parameters \c\9i + 9 2 + c 2 9^]t 7 - From Table [TT1 we see that the tangent space 
to the orbit of [c\9\ +9 2 + c 2 9 3 ]t 7 at [c\9i + 9 2 + c 2 9 3 ]t 7 is spanned by the linearly 
independent algebraic restrictions [4ci#i + 5#2 + 5c2#3]t 7 , [^4]t 7 , [#s]t 7 , [#6]t 7 , [#7]t 7 - 
Hence the algebraic restrictions [9\]t 7 and [9^]t 7 do not belong to it. Therefore the 
parameters ci and C2 are independent moduli in the normal form [c\9i-\-9 2 -\-c 2 9^\t 7 . 

Acknowledgements. The authors wish to express their thanks to the referee 
for many valuable suggestions. 
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